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We report fully coupled quantum five-dimensional calculations of the translation-rotation (T-R) energy levels
of one H2, HD, and D2 molecule confined inside the large hexakaidecahedral (51264) cage of the structure II
clathrate hydrate. Highly converged T-R eigenstates have been obtained for excitation energies beyond the j
) 2 rotational levels of the guest molecules, in order to allow comparison with the recent Raman spectroscopic
measurements. The translationally excited T-R states are assigned with the quantum numbers n and l of the
3D isotropic harmonic oscillator. However, the translational excitations are not harmonic, since the level
energies depend not only on n but also on l. For l > 1, the T-R levels having the same n,l values are split into
groups of almost degenerate levels. The splitting patterns follow the predictions of group theory for the
environment of Td symmetry, which is created by the configuration of the oxygen atoms of the large cage.
The 2j + 1 degeneracy of the j ) 1 and 2 rotational levels of the encapsulated hydrogen molecule is lifted
entirely by the angular anisotropy of the H2-cage interaction potential. The patterns and magnitudes of the
j ) 1, 2 rotational level splittings, and the energies of the sublevels, in the large cage are virtually identical
with those calculated for the small cage. This is in agreement with, and sheds light on, the observation that
the S0(0) ( j ) 0f2) bands in the rotational Raman spectra measured for simple H2 hydrate and the binary
hydrate of H2 with tetrahydrofuran are remarkably similar with respect to their frequencies, widths, shapes,
and internal structure, when the H2 occupancy of the large cage of simple H2 hydrate is low.

I. Introduction

Clathrate hydrates are inclusion compounds where a variety
of small molecules are trapped inside closely packed polyhedral
cavities within the crystalline host lattice formed by hydrogen-
bonded water molecules.1-3 For a long time it was widely
considered that hydrogen molecules are too small, and interact
too weakly with the framework water molecules, to stabilize
the clathrate structure. However, this view underwent a complete
revision in the past decade, during which it has been demon-
strated that molecular hydrogen does form clathrate hydrates.4,5

Simple hydrogen hydrates, where hydrogen molecules are the
sole guests, have the classical structure II (sII)1,2 whose unit
cell is cubic, with 136 water molecules organized in the
hydrogen-bonded framework comprised of two types of cages:
sixteen dodecahedral (512), or “small” cages, with 12 pentagonal
faces, and eight hexakaidecahedral (51264), or “large” cages,
having 12 pentagonal and 4 hexagonal faces. Up to four
hydrogen molecules can be trapped in the large cage and only
one in the small cage.6 Hydrogen hydrates have attracted a great
deal of attention because of their potential as environmentally
friendly and efficient materials for hydrogen storage.1,2,7-9 One
of the shortcomings of simple hydrogen hydrates (where H2 is
the only guest molecule) is the high pressure of about 200 MPa
at 250 K required for their synthesis, and considerable effort
has been aimed at removing or lessening this obstacle. It has
been shown that in the presence of the second, larger guest
molecule such as tetrahydrofuran (THF), the sII hydrogen

hydrate can be stabilized at the much lower formation pressure
of 5 MPa at 280 K.10,11 However, the price for this is the reduced
hydrogen storage capacity, since in the binary THF + H2 hydrate
the THF molecules occupy all the large cages, leaving only the
small clathrate cages for storing the hydrogen molecules, one
H2 per cage. In addition, molecular hydrogen can be trapped
within binary structure I (sI)12 and structure H (sH) hydrates,13

in the presence of suitable promoter molecules.
Besides their promise as hydrogen storage materials, hydrogen

hydrates provide an outstanding opportunity for studying the
quantum dynamical effects arising from the nanoscale confine-
ment of light rotors in the small and large cages. The
confinement results in the quantization of the translational
degrees of freedom of the guest molecules, in addition to their
quantized rotational states. Since the hydrogen molecules are
light and have large rotational constants, their discrete transla-
tional and rotational states are well separated in energy. The
translation-rotation (T-R) energy level structure of the trapped
homonuclear isotopomers H2 and D2 is made even sparser by
the symmetry constraints on their total wave functions: p-H2,
with the total nuclear spin I ) 0, and o-D2 with I ) 0 or 2, can
exist in even-j rotational states only ( j ) 0, 2, 4, · · · ), while
o-H2 and p-D2, both with I ) 1, have exclusively odd-j rotational
states ( j ) 1, 3, 5, · · · ). Finally, the zero-point energy (ZPE)
of the coupled T-R motions is substantial relative to the well
depth of the interaction potential. Due to these large quantum
effects, the hydrogen molecules encapsulated inside the clathrate
cages constitute a highly quantum mechanical system, especially
at the low temperatures at which the hydrogen hydrates are
prepared and at which most of the experiments on them are
performed. Therefore, reliable theoretical predictions regarding
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the spectroscopy and the energetics of hydrogen hydrates at low
temperatures, as well as the number of trapped hydrogen
molecules and their spatial distribution inside the small and large
clathrate cages, can be made only by resorting to a fully quantum
mechanical treatment, solving the multidimensional Schrödinger
equation for the coupled T-R motions of the guest hydrogen
molecules.

Nevertheless, prior to our recent work outlined below, the
few theoretical studies of the hydrogen hydrates which attempted
to include some quantum effects did that in a variety of highly
approximate and simplified ways,14-16 precluding a realistic
description of the T-R energy level structure of the encapsulated
hydrogen molecule(s). Over the past several years, in a series
of papers we investigated rigorously for the first time the
quantum T-R dynamics of hydrogen molecules confined in the
cavities of the sII clathrate hydrate.17-22 Our theoretical approach
treats the three translational and the two rotational degrees of
freedom of a confined hydrogen molecule explicitly, as fully
coupled, without any dynamical approximation, and the clathrate
cages are assumed to be rigid, with their geometries taken from
the X-ray diffraction experiments.23 For a single hydrogen
molecule in the small cage,17,20,21 the salient features of the T-R
eigenstates revealed by the quantum 5D calculations include
the splitting of the translational fundamental, the negative
anharmonicity of the translational excitations, and complete
removal of the 2j + 1 degeneracy of the j ) 1 and 2 rotational
levels, with the latter split into a distinctive quintuplet pattern.20,21

The cause of the splittings of both the translational and the
rotational excitations of the hydrogen molecule are the anisotro-
pies of the cage environment, the former with respect to the
translational motion of the center of mass (cm) of the guest
molecule, and the latter with respect to its angular orientation
within the cage. For a hydrogen molecule in the small cage,
our results concerning the splitting of the translational funda-
mental and the j ) 1 triplet of H2 and HD have been
corroborated by the inelastic neutron scattering (INS) studies
of THF + H2 and THF + HD hydrates;24,25 the predicted lifting
of the 5-fold degeneracy of the j ) 2 level of H2, HD, and D2

has been observed in the rotational Raman spectra of THF +
H2,26,27 THF + HD,26 and THF + D2 hydrates.27 The agreement
between theory and the experimental data about the T-R
excitations in the small cage is qualitative for the quantum 5D
calculations17,20 performed on the pairwise additive H2-cage
potential energy surface (PES) designated as PA-D,21 constructed
by using the ab initio 5D PES of the H2-H2O van der Waals
complex;28 the accord is much better, near-quantitative for the
results of our latest study of H2, HD, and D2, inside the small
cage,21 which utilized the H2-cage interaction potential by Alavi
and co-workers.29 This 5D PES, also pairwise additive, is based
on the extended simple point charge (SPC/E) effective
H2O-H2O pair potential of Berendsen et al.,30 and has been
referred to by us as SPC/E.

The T-R dynamics of hydrogen molecules in the large cage
has not been investigated at a comparable level of detail. We
have performed the diffusion Monte Carlo (DMC) calculations
of the ground state properties, energetics, and spatial distribu-
tions, of small (p-H2)n and (o-D2)n clusters, n ) 1-5, in the
large cage.22 The calculations showed that the rapid increase of
cluster ZPE with n is the main factor limiting the large cage
occupancy to at most four H2 or D2 molecules, in agreement
with the neutron diffraction measurements6 made below 70 K
and at ambient pressure. Moreover, the DMC-calculated vibra-
tionally averaged tetrahedral arrangement of the four D2

molecules inside the large cage agrees quantitatively with the

low-temperature experimental data6 in terms of their mean
distance from the cage center, the D2-D2 separation, and the
particular orientation of the (D2)4 cluster relative to the cage
framework. However, scant information was available about the
T-R excitations in the large cage, from either experiment or
theory. The molecular hydrogen rotons S0(0), S0(1), and S0(2),
corresponding to the purely rotational ∆j ) 2 transitions out of
the states j ) 0, 1, and 2, respectively, of H2 have been observed
at low resolution in the Raman spectra of the simple H2 hydrate,5

at frequencies close to those for H2 in the gas phase, suggesting
nearly free rotation of the guest molecules.

Very recently, the rotational S0(0) and S0(1) bands for simple
H2 hydrate, and also THF + H2 hydrate, have been reported
with much better resolution.26,27 The S0(0) band shows internal
structure, which is particularly well resolved in ref 27. The top
of the band is split into three distinguishable peaks separated
by about 3.5 cm-1. In contrast, the S0(1) band appears as a single
broad peak with no resolvable splitting. For low H2 loading of
the large cage, less than three molecules, both the S0(0) and
S0(1) bands of simple H2 hydrate bear a close similarity to the
rotational Raman bands of THF + H2 hydrate. The structure at
the top of S0(0) band for simple H2 hydrate remains essentially
unchanged as the H2 content of the large cage is varied.
However, the bases of both the S0(0) and S0(1) bands broaden
substantially with increasing H2 occupancy.27 This can be caused
by the greater angular, orientational anisotropy of the interaction
potential in the large cage when three or four H2 molecules are
present, and also by the dynamical coupling between their T-R
motions.

The new higher resolution Raman spectroscopic data about the
S0(0) band of simple H2 hydrate, and in particular how its structure
evolves with the increasing large-cavity H2 content, will be the
subject of our future theoretical investigations. But the essential
prerequisite for such studies is to have quantitative information
about the higher lying T-R eigenstates of a single hydrogen
molecule in the large cage, which would include the j ) 2
rotational manifold. This has motivated us to undertake rigorous
quantum 5D calculations of the T-R energy levels of one H2,
HD, and D2 molecule inside the large cage, up to the j ) 2
rotational levels of the guest molecules, which are presented in
this paper. Such calculations are considerably more demanding
computationally than for the small cage. The fundamental and
higher translational excitations have much lower frequencies
in the large cage than in the small cage, giving rise to a
considerably higher density of states in the former. Conse-
quently, there are many more highly translationally excited
( j ) 0) energy levels below the j ) 2 quintuplet of p-H2 in the
large cage than is the case in the small cage, so that a much
larger basis is needed to get converged results. Our only study
to date that addressed the T-R excitations in the large cage19

was limited to just the lowest three excited translational states
of H2, and the PA-D H2-cage PES was used, which, as we
have established in the meantime, does not have the desired
high level of quantitative accuracy. The results reported in this
paper were obtained on the SPC/E PES, which has been
demonstrated to provide a significantly more accurate repre-
sentation of the H2-cage interactions.21,22 The computed T-R
eigenstates are analyzed carefully, and quantum numbers are
assigned to the states with up to three quanta in the translational
mode. Extensive comparison is made with the T-R energy level
structure determined for H2, HD, and D2 in the small cage,21 as
well as with the recent Raman spectroscopic measurements.
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II. Theory

A. Cage Geometry. The geometry of the large cage has been
defined earlier.22 The O atoms of the 28 water molecules forming
the large cage occupy the corners of the hexakaidecahedron
(51264) shown in Figure 1, which has 12 pentagonal and 4
hexagonal faces, in the positions determined by X-ray crystal-
lography.23 A hydrogen atom of a framework water molecule
lies on each edge of the cage, linking by a hydrogen bond the
two O atoms at the corners connected by the edge. The H atoms
are configurationally disordered. The calculated number of
distinct hydrogen-bonding (H-B) arrangements exceeds 30 000
for the small 512 cage,31 and is undoubtedly much greater for
the large 51264 cage. The one predominantly used in this work,
displayed in Figure 1, was chosen at random with the goal of
distributing the nonbonded O-H bonds evenly over the cage
exterior. The quantum 5D calculations of the T-R energy levels
were performed for several additional H-B topologies yielding
virtually indistinguishable results.

B. Calculations of the Quantum Translation-Rotation
Dynamics. The computational methodology for the calculation
of the T-R energy levels of a single diatomic molecule in
nanoconfinement was described previously.17,21 The cage is
treated as rigid, while the quantum 5D T-R dynamics of the
guest molecule, which is also taken to be rigid, is treated
rigorously, as fully coupled. The set of five coordinates
(x,y,z,θ,φ) is employed; x, y, and z are the Cartesian coordinates
of the cm of the hydrogen molecule, while the two polar angles
θ and φ specify its orientation. The coordinate system is aligned
with the principal axes of the cage, and its origin is at the cm
of the cage. The computational scheme relies on the 3D direct-
product discrete variable representation (DVR)32,33 for the x, y,
and z coordinates and the spherical harmonics for the angular
θ and φ coordinates. The size of the final Hamiltonian matrix
is drastically reduced by means of the sequential diagonalization

and truncation procedure,32,34,35 without loss of accuracy. Di-
agonalization of this truncated Hamiltonian matrix produces the
5D T-R energy levels and wave functions which are numerically
exact for the potential energy surface (PES) employed. The
dimension of the sine-DVR basis was 18 for each of the three
Cartesian coordinates, and its grid spanned the range -5.1 au
e λ e 5.1 au (λ ) x, y, z). The angular basis included functions
up to jmax ) 5. The energy cutoff parameter for the intermediate
3D eigenvector basis36 was set to 1080 cm-1 for H2, and 880
cm-1 for HD and D2, resulting in the final 5D Hamiltonian
matrices of dimension 20 631 for H2, 23 570 for HD, and 37 000
for D2. These basis set parameters were tested extensively for
convergence. The rotational constants used in our calculations
were BH2

) 59.322 cm-1, BHD ) 44.662 cm-1, and BD2
) 29.904

cm-1.
C. Potential Energy Surface: Large Cage vs. Small Cage.

As in our past work on the hydrogen hydrates, the intermolecular
interaction of the encapsulated hydrogen molecule with the water
nanocage is assumed to be pairwise additive. Consequently, the
5D interaction potential VH2-cage between the confined H2

molecule and N H2O molecules forming the cage (N ) 28 for
the large cage) is written as

VH2-cage(q) ) ∑
w)1

N

VH2-H2O(q, �w) (1)

where q are the coordinates (x,y,z,θ,φ) of the H2 molecule
defined above, VH2-H2O is the pair interaction specified below
between H2 and a framework H2O molecule, and the index w
runs over the water molecules of the cage, whose coordinates
�w are fixed.

As mentioned in Section I, the 5D H2-cage PES VH2-cage(q)
is based on the interaction potential by Alavi et al.,29 and we
denote it as SPC/E. The pair interaction VH2-H2O in eq 1

Figure 1. The geometry of the large hexakaidecahedral (51264) cage. The Cartesian X, Y, and Z axes coincide with the three principal axes of the
cage, and their origin is at the center of mass of the cage.
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combines the Coulomb interactions between the three point
charges on the H2O molecule, taken from the SPC/E effective
pair potential model for water,30 and the three point charges on
the H2 molecule chosen to reproduce its gas-phase quadrupole
moment, with the Lennard-Jones interaction between the O atom
of H2O and the cm of H2. The details can be found in our two
recent papers.21,22

Figure 2 shows the potential profile of the SPC/E PES along
the line that connects the global minimum of the PES with the
center of the large cage. For comparison, the same 1D potential
cut is shown through the SPC/E PES of the small dodecahedral
cage used in ref 21. Clearly, the PESs of H2 in the large and
small cages are very different. The diameter of the cavity
accessible to H2 in the large cage is almost twice that of the
small cage, giving the guest molecule much more room to move,
or “rattle”, at any given excitation energy. This fact alone
suggests that the quantum T-R dynamics in the large cage is
quantitatively, and possibly qualitatively, different from that in
the small cage. In addition, while the PES of H2 in the small
cage is rather flat in the central region, the PES for H2 inside
the large cage has a maximum at the cage center with the energy
of -330.31 cm-1, lying ∼111 cm-1 above the off-center global
minimum at -441.54 cm-1.22 The slight asymmetry of both
potential cuts in Figure 2, especially evident for the large cage,
arises from the inherently nonsymmetric H-B arrangement of
the H atoms of the framework water molecules.

III. Results and Discussion

The lower lying purely translationally excited ( j ) 0) T-R
energy levels of p-H2, HD, and o-D2 inside the large cage, from
the quantum 5D calculations on the SPC/E PES, are given in
Table 1. They are converged to 0.01 cm-1 or better. Therefore,
the energy differences between the neighboring levels in Table
1, which in many instances are on the order of 0.1 cm-1, are
genuine, and not due to convergence error. For each state, the
root-mean-square (rms) amplitudes ∆x, ∆y, and ∆z are shown,
which measure the wave function delocalization in the x-, y-,
and z-directions, respectively, and can be helpful in making the
quantum number assignments. The excitation energies ∆E in
Table 1 are relative to the ground state energies of the
encapsulated p-H2 (-332.77 cm-1), HD (-339.88 cm-1), and

o-D2 (-345.12 cm-1), respectively. Since the global minimum
of the cage is at -441.54 cm-1, the zero-point energy (ZPE) of
the T-R motions is equal to 108.77 cm-1 for p-H2, 101.66 cm-1

for HD, and 96.42 cm-1 for o-D2. Interestingly. these ZPEs are
just slightly smaller than the energy gap of 111 cm-1 between
the potential maximum at the center of the cage and the off-
center global minimum.

A. Translational Excitations: Quantum Numbers and
Crystal Field Splittings. The first three excited T-R energy
levels in Table 1, which are almost degenerate (16.4-16.6 cm-1

for p-H2), correspond to the fundamental translational excitations
of the caged molecule. This is evident from the plots of the
translational components of these states displayed in Figure 3
for p-H2, which have a single nodal plane each perpendicular
to the y, z, and x axis, respectively, and also from the
significantly larger rms amplitudes ∆y, ∆z, and ∆x, respectively,
relative to the corresponding ground state values. On the basis
of the wave function plots in Figure 3, it would appear that the
Cartesian quantum numbers (Vx,Vy,Vz) can be used to assign
the T-R eigenstates in the large cage. However, inspection of
the higher lying T-R eigenstates of p-H2, HD, and o-D2 with
two and three quanta in the translational modes listed in Table
1 reveals patterns which cannot be accounted for in a satisfactory
manner with the Cartesian quantum number assignments. For
example, of the six two-quanta excitations, five are clumped
together (for p-H2, they range from 39.2 to 45.3 cm-1), while
the sixth has a considerably higher energy (72.8 cm-1 for p-H2).
Likewise, the ten three-quanta excitations are split into two
groups, consisting of seven and three closely spaced states,
respectively; in the case of p-H2, the group of seven states
lies within the interval 65.3-74.8 cm-1, while the other three

Figure 2. One-dimensional cuts through the 5D SPC/E PESs of H2 in
large and the small cages. The potential profiles shown are plotted along
the lines that connect the global minima of the respective PESs with
the center of the cages. Their slight asymmetry is caused by the
configurational disorder of the H atoms of the framework water
molecules.

TABLE 1: One-, Two-, and Three-Quanta Translational
( j ) 0) Excitation Energies ∆E of p-H2, HD, and o-D2 in the
Large Cage from the Quantum 5D Calculations on the
SPC/E PESa

p-H2 HD o-D2

∆E ∆x ∆y ∆z ∆E ∆E

n ) 0, l ) 0 0.0 1.3 (0.6) 1.3 (0.6) 1.3 (0.6) 0.0 0.0

16.4 1.1 (0.7) 1.8 (1.0) 1.1 (0.5) 10.4 6.9
n ) l, l ) 1 16.5 1.1 (1.0) 1.1 (0.7) 1.8 (0.5) 10.5 7.1

16.6 1.8 (0.6) 1.1 (0.6) 1.1 (0.9) 10.7 7.4

39.2 1.3 (1.0) 1.5 (1.0) 1.5 (0.5) 25.4 17.5
39.3 1.4 (1.0) 1.3 (1.0) 1.7 (0.5) 25.6 17.8

n ) 2, l ) 2 39.4 1.7 (0.9) 1.6 (0.9) 1.1 (0.6) 25.7 18.0
45.2 1.6 (0.6) 1.5 (0.9) 1.2 (0.9) 30.5 22.3
45.3 1.3 (0.9) 1.4 (0.6) 1.6 (0.9) 30.6 22.5

n ) 3, l ) 3 65.3 1.6 1.6 1.6

n ) 2, l ) 0 72.8 1.2 (0.6) 1.2 (0.6) 1.2 (1.0) 54.1 45.2

74.5 1.2 1.6 1.6
74.6 1.6 1.6 1.4
74.7 1.3 1.5 1.7

n ) 3, l ) 3 74.7 1.6 1.6 1.4
74.8 1.7 1.4 1.5
74.8 1.6 1.4 1.6

110.9 1.3 1.6 1.1
n ) 3, l ) 1 110.9 1.1 1.1 1.7

111.1 1.6 1.3 1.1

a For p-H2 only, the root-mean-square (rms) amplitudes ∆x, ∆y,
and ∆z (in bohr) are shown as well. The quantum numbers n and l
are those of the 3D isotropic harmonic oscillator. The numbers in
parentheses are the rms amplitudes of the corresponding one- and
two-quanta translational excitations for H2 in the small dodecahedral
cage, from the quantum 5D calculations on the SPC/E PES in ref
21.
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states are nearly degenerate, at 110.9-111.1 cm-1. The
inadequacy of the Cartesian quantum numbers is reinforced
by the wave function plots of the two-quanta states for p-H2

shown in Figure 4.
A natural and simple explanation for both the energy level

patterns and the translational wave function plots in Figure 4 is
provided by the physical picture where, for the purpose of
assignment only, the translational modes are viewed as those
of the 3D isotropic harmonic oscillator (HO). The energy levels
of the 3D isotropic HO are labeled by the principal quantum
number n and the orbital angular momentum quantum number
l, whose allowed values are n, n - 2, ..., 1 or 0, for odd or
even n, respectively.37 When the possible values of m, - l e m
e l, are taken into account, the degree of degeneracy of the

energy levels of the isotropic 3D HO is 1/2(n + 1)(n + 2), e.g.,
3 for n ) 1, 6 for n ) 2, and 10 for n ) 3.

In this picture, the five closely spaced two-quanta excitations
appearing in Table 1 are understood to represent the n ) 2, l )
2 quintuplet, while the sixth, whose energy is significantly
higher, is the single n ) 2, l ) 0 state. This assignment is
supported by the wave function plots displayed in Figure 4. In
the same vein, the two manifolds with seven and three three-
quanta states are assigned as n ) 3, l ) 3 and n ) 3, l ) 1,
respectively. These quantum number assignments are given in
Table 1.

It should be emphasized that although the model of the 3D
isotropic HO and its quantum numbers is successful in cor-
relating and assigning the T-R levels in the large cage, the
translationally excited states are definitely not harmonic. As
Table 1 shows, their energies depend not only on n, as in the
true 3D isotropic HO,37 but also quite strongly on l, evidence
of their pronounced anharmonicity. For example, the energy
difference between the n ) 2, l ) 0 level and the highest level
with n ) 2, l ) 2 is 27.5 cm-1 for p-H2, 23.5 cm-1 for HD, and
22.7 cm-1 for o-D2. We found the same behavior for the
calculated T-R levels of H2, HD, and D2 in C60.38,39 The
anharmonicity of the translational modes is evident also from
the ratio of the translational fundamentals for p-H2 (∼16.5 cm-1)
and o-D2 (∼7.1 cm-1), which is ∼2.3, very different from 21/2

≈ 1.414 in the HO limit.
The T-R energy levels of p-H2, HD, and o-D2 with l > 1 in

Table 1 exhibit another intriguing feature, which is not explained
by the 3D isotropic HO model alone. The five n ) 2, l ) 2
levels are clearly split into two groups, having three and two
nearly degenerate levels, respectively (for p-H2, 39.2-39.4 and
45.2-45.3 cm-1). We believe that this splitting, about 6 cm-1

in the case of p-H2 (5 cm-1 for HD and 4.5 cm-1 for o-D2), is
caused by the “crystal field” of the large cage, since it matches
the group-theoretical prediction regarding the levels with l )
2. If only the positions of the O atoms are considered, the large
hexakaidecahedral cage has Td symmetry. Group theory40 shows
that in the environment of Td symmetry, l ) 2 levels are split
into a triply degenerate set of states and a doubly degenerate
set [which belong to T2 and E irreducible representations (IRs),
respectively]. The configurational disorder of the H atoms of
the framework water molecules lowers the symmetry of the large
cage, but the symmetry of the environment of the guest hydrogen
molecule evidently remains essentially Td. The disordered
arrangement of the H atoms is likely to be responsible for the
fact that the l ) 2 levels within each of the two sets are not
exactly degenerate.

As for the seven n ) 3, l ) 3 levels of p-H2 in Table 1, one
of them, at 65.3 cm-1, lies ∼9.4 cm-1 below the other six closely
spaced levels at 74.5-74.8 cm-1. This is in good agreement
with the group theory, which predicts that in Td environment
the levels with l ) 3 should be split into one nondegenerate
state and two triply degenerate sets of states (IRs A2 + T1 +
T2).40 That the two triply degenerate sets of states actually appear
as a single group of six states is probably due to the weak
“crystal field” splitting of the two sets, and also to the
configurational disorder of the H atoms.

The l ) 1 levels should be left unsplit in the environment of
Td symmetry,40 and this is indeed the case with the n ) 1, l )
1 levels listed in Table 1.

Crystal-field splitting of certain T-R energy levels was
observed also in our quantum 5D calculations of H2, HD, and
D2 in C60,38,39 in accordance with the group-theory rules for the
icosahedral Ih environment of the fullerene cage.41 However,

Figure 3. The 3D isosurfaces of the translational parts of the wave
functions of the three n ) 1, l ) 1 states of p-H2 in the large cage.
These states, listed in Table 1, have one quantum of excitation in the
translational modes. The excitation energies ∆E are relative to the
ground state.
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the level splittings induced by the nonsphericity of C60 are less
than 1 cm-1, much smaller than the splittings in the large cage
of the sII clathrate hydrate, 5-10 cm-1, reported in this paper.

It is interesting, and illuminating, to compare the qualitative
and quantitative features of the translational excitations of p-H2,
HD, and o-D2 inside the large cage with those in the small cage,
which we investigated recently.21 While the quantum numbers
n and l of the 3D isotropic HO are used in this work to assign
the T-R energy levels in the large cage, the translational
excitations in the small cage have been assigned in terms of
the quantum numbers V and l (actually |l|) of the 2D isotropic
HO for the in-plane (xy) modes, and the Cartesian quantum
number Vz for the perpendicular z-mode excitations.21 This
difference in the quantum numbers implies that the environment
of the small cage is somewhat less symmetric than that of the

large cage. To shed some light on this, we calculated the three
principal moments of inertia, and the corresponding rotational
constants, of the large and small cages, by first taking into
account only the O atoms. For the large cage, all three rotational
constants turned out to be identical, 2.576 × 10-3 cm-1, while
for the small cage, two rotational constants are the same, 5.261
× 10-3 cm-1, and the third one is smaller, 5.063 × 10-3 cm-1

(inclusion of the water H atoms causes very small changes of
these numbers). Hence, the large cage is essentially a spherical
top, and the small cage has the lower symmetry of a (slightly)
oblate symmetric top. These findings correlate extremely well
with the two sets of translational quantum numbers used for
the large and small cages, respectively. In addition, the fact that
the small cage is an oblate (and not a prolate) symmetric top is
fully consistent with our quantum 5D results for p-H2 in the

Figure 4. The 3D isosurfaces of the translational parts of the wave functions of the six n ) 2 states of p-H2 in the large cage. These states, listed
in Table 1, have two quanta of excitation in the translational modes. Panels a-e show the wave function of the five n ) 2, l ) 2 states, while panel
f shows the wave function of the n ) 2, l ) 0 state. The excitation energies ∆E are relative to the ground state.

7606 J. Phys. Chem. A, Vol. 113, No. 26, 2009 Xu et al.



small cage21 showing that the frequency of the 2D in-plane (xy)
mode fundamental, 74.6 cm-1, is lower than the frequency of
the z-mode fundamental, 97.5 cm-1.

Besides these qualitative differences, there are also quantita-
tive differences between the translational excitations of the guest
molecule in the large and small cages. For all three isotopomers,
the frequency of the translational fundamental inside the large
cage is much lower than those in the small cage. Thus, for p-H2,
the translational fundamental in the large cage (16.5 cm-1) is
smaller than those of the 2D xy-mode (74.6 cm-1) and the
z-mode (97.5 cm-1) fundamentals in the small cage21 by the
factor of 4.5 to 6, respectively. This factor is even larger in
the case of o-D2, 6.5 to 8.7. The reason for this difference is
clear from Figure 2; it shows that the diameter of the large cage
is roughly twice that of the small cage, which gives the trapped
molecule significantly more room to move and results in much
lower frequencies of the translational fundamental and the higher
translational excitations. The greater freedom of motion of the
guest molecule inside the large cage is evident also from the
comparison of the rms amplitudes ∆x, ∆y, and ∆z for p-H2 in
the large and small cages shown in Table 1. For all the
excitations considered, the rms amplitudes are typically 50-100%
bigger in the large cage than in the small one.

B. Rotational Excitations and Comparison with Raman
Spectroscopy. So far, we have discussed only the translational
excitations of the hydrogen molecule (in the ground rotational
state) inside the large cage, and how they compare to those in
the small cage. We now turn our attention to the purely rotational
excitations of H2, HD, and D2 in the large cage shown in Table
2, when the guest molecules are in the ground translational state.
The 2j + 1 degeneracy of the j ) 1 and 2 levels is completely
lifted due to the angular anisotropy of the H2-cage PES, very
similar to what we found for these molecules in the small cage.21

The j ) 1 triplet is split into three distinct levels, one of which
is close in energy to the (triply degenerate) j ) 1 level in the
gas phase, while the other two lie below and above the central
level, respectively. The splitting of the j ) 1 triplet shows rather
weak isotopomer dependence, ranging from 18.5 cm-1 for H2

to 14.7 cm-1 for HD. The j ) 2 quintuplet has one level in the

center of the pattern, virtually unshifted from the (5-fold
degenerate) j ) 2 level of the gas-phase molecule, and the other
four are grouped into two pairs of closely spaced levels separated
by ∼1 cm-1, one pair lying energetically above and the other
below the central component. The j ) 2 levels are shown in
Table 2 for H2 only, since the greater density of states of HD
and D2 makes the unambiguous identification of the j ) 2 states
which are in the translational ground state considerably more
problematic.

The splittings of the j ) 1 and 2 multiplets in the large cage
resemble very closely the corresponding splittings which we
have calculated for the small cage,21 both in terms of their
patterns, which are nearly identical, and also their magnitudes,
as well as the energies of the individual components. The
implication is that the angular, or orientational, anisotropies of
the environment experienced by a hydrogen molecule in the
large and small cages are comparable, despite the fact that the
two cages differ greatly in size. The large-cage splittings of
the j ) 1 triplet of H2, HD, and D2 are within 1-2 cm-1 of
those in the small cage, and the splitting of the j ) 2 quintuplet
of p-H2 in the large cage is about 3 cm-1 smaller than in the
small cage. On the basis of this, one would expect the S0(0)
( j ) 0f2) bands for large and small cages to be very similar
in their appearance and frequencies, and that the rotational band
for the large cage should be slightly narrower than that for the
small cage.

These expectations are entirely borne out by the measured
rotational Raman spectra for simple H2 and binary THF + H2

sII clathrate hydrates.26,27 As mentioned in the Introduction, the
S0(0) bands of simple H2 hydrate, where H2 occupies both the
large and small cages, and THF + H2 hydrate, in which only
the small cages are (singly) occupied by H2 (THF occupies the
large cages), do exhibit remarkable similarity with respect to
their frequencies, widths, and shapes, when the H2 occupancy
of the large cage is low, less than three molecules; see Figure 9
in ref 27. Moreover, the S0(0) band of simple H2 hydrate is
indeed a bit narrower than the same band for THF + H2 hydrate.

The striking similarity between the S0(0) bands of simple H2

hydrate and THF + H2 hydrate extends to the three distinct
peaks at their top, which are about 3.5 cm-1 apart in the former
and slightly more (∼4 cm-1) in the latter.27 It is virtually certain
that the two outer peaks to the red and blue, respectively, of
the peak at the center of the S0(0) band arise from the transitions
to the two closely spaced pairs of states of the computed j ) 2
quintuplet, energetically below and above the central state, which
are not resolved in the Raman spectra of either hydrate.

The S0(1) ( j ) 1f3) bands measured for simple H2 hydrate
and THF + H2 hydrate also show a high degree of similarity,
when the H2 content of the large cage is low.27 The explanation
for this is the same as in the case of the S0(0) bands above: the
magnitudes and patterns of the splittings of the initial and final
levels of this rotational transition in the large and small cages
are comparable for low H2 occupancy of the former. Moreover,
the j ) 1 and 3 levels are split into three and seven components,
respectively, allowing for numerous rotational transitions dif-
fering very little in energy, which may be hard to resolve
experimentally. This would account for the apparent lack of
structure in the measured S0(1) bands, which appear as broad,
nearly symmetric peaks.26,27

The overall agreement between theory and experiment
regarding the j ) 0f2 transitions in the large cage is very good.
A more quantitative comparison reveals that the energy of the
central component of the j ) 2 quintuplet computed for H2 inside
the large cage, 356.7 cm-1 (Table 2), is ∼6 cm-1 higher than

TABLE 2: The j ) 0f1 and j ) 0f2 Rotational Excitation
Energies (in cm-1) of H2, HD, and D2 in the Large Cage, for
the Translational Ground State, from the Quantum 5D
Calculations on the SPC/E PESa

H2 HD D2

j ) 1 110.7 83.9 51.3
[118.6] 116.4 [89.3] 87.8 [59.8] 57.3

129.2 98.6 68.3
∆ 18.5 14.7 17.0

(19.1) (13.0) (19.1)
j ) 2 349.1

349.6
[355.9] 356.7

360.1
361.8

∆ 12.7
(15.7)

a The excitation energies are relative to the ground state energies
E0 of p-H2 (-332.77 cm-1), HD (-339.88 cm-1), and o-D2

(-345.12 cm-1), respectively. ∆ denotes the splittings of the j ) 1
triplet and j ) 2 quintuplet in the large cage. The energies in square
brackets are the j ) 1 and 2 rotational levels of H2, HD, and D2,
respectively, in the gas phase. The numbers in parentheses are the
corresponding j ) 1 and 2 splittings, respectively, calculated on the
SPC/E PES for H2, HD, and D2 in the small dodecahedral cage,
from ref 21.
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that of the central peak of the measured S0(0) band27 at ∼351
cm-1. As a result, the entire calculated j ) 2 quintuplet is shifted
by about 6 cm-1 relative to the S0(0) band measured for simple
H2 hydrate at low H2 loading of the large cavity, and its width
(splitting) is slightly greater. This is best seen in Figure 10 of
ref 27; the comparison there is made for H2 (and D2) in the
small cage of THF + H2 hydrate, but it is relevant in view of
the great similarity of the rotational excitations in the small and
large cages (at the low H2 occupancy of the latter). We believe
that the main reason for the above ∼6 cm-1 discrepancy is the
use of the gas-phase rotational constant for H2, BH2

) 59.322
cm-1, in our quantum 5D calculations. The calculated energy
of the state at the center of the j ) 2 quintuplet, 356.7 cm-1, is
very close to the gas-phase value of 6BH2

) 355.9 cm-1.
Inclusion of the centrifugal distortion using the gas-phase value
of the distortion constant, 0.0471 cm-1, would decrease the
energy of the central peak by about 1.7 cm-1. This would bring
it, and the entire computed j ) 2 quintuplet, into slightly better
agreement with the observed S0(0) band, but not enough to
eliminate the difference. The energy of the central peak of the
experimental S0(0) band would remain several wave numbers
lower, implying that the effectiVe (vibrationally averaged)
rotational constant of the confined H2 molecule is slightly
smaller than that in the gas phase, as a result of the H2-cage
interactions which soften the intramolecular potential of H2. The
recent infrared spectroscopic study42 of the endohedral complex
H2@C60 found a comparable reduction in the effective rotational
constant of H2, from 59.322 (gas phase) to 57.8 cm-1. A first-
principles determination of the effective rotational constant of H2

in the clathrate hydrate cages would require a high-level ab initio
electronic structure calculation of the 6D interaction potential
between a flexible H2 molecule and the rigid cage (small or large),
an exceedingly time-consuming computational task.

In the closing of this section we point to another feature of
the rotational Raman spectra of the hydrogen hydrates which
conforms to our theoretical predictions. The S0(0) bands
measured for THF + H2 and THF + D2 hydrates (in which the
H2/D2 molecule is restricted to the small cages) have virtually
identical shapes, widths, and spacing between the three peaks
which they exhibit.27 This is in agreement with our earlier
quantum 5D results for H2 and D2 in the small cage,21 which
showed that the splittings of the j ) 0f2 transitions, as well as
the separation between the two closely spaced doublets and the
central component of the quintuplet, are practically the same
for H2 and D2; see Table 7 in ref 21 and also Figure 10 of ref
27. There is little doubt that the same holds for the hydrogen
molecule isotopomers confined in the large cage.

IV. Conclusions

We have reported rigorous quantum 5D calculations of the
T-R energy levels and wave functions of a single H2, HD, and
D2 molecule inside the large hexakaidecahedral (51264) cage of
the sII clathrate hydrate. The SPC/E PES of Alavi and
co-workers29 was used in the calculations. The energy range of
well-converged eigenstates extends beyond the j ) 2 rotational
levels of the guest molecules. Inspection of the calculated T-R
energy level structure and the translational components of the
wave functions showed that the quantum numbers appropriate
for assigning the translationally excited levels are the principal
quantum number n and the orbital angular momentum quantum
number l of the 3D isotropic harmonic oscillator (HO). The
translational ( j ) 0) states with up to three quanta of excitation
have been assigned in this manner. Although the quantum
numbers n and l of the 3D isotropic HO are successful in

organizing and understanding the patterns of the T-R energy
levels, the translationally excited states are far from harmonic.
In addition to n, their energies depend strongly on l, which is
not the case with the 3D isotropic HO.

When l is greater than one, the T-R levels with the same n
and l are split into groups of almost degenerate levels. The
patterns of these splittings for l ) 2 and 3 are in accordance
with the predictions of group theory regarding the “crystal field”
splittings in the environment of Td symmetry. If only the O
atoms are taken into account, the large cage belongs to the Td

point group, and the interior of the cage evidently retains this
symmetry to a high degree despite the configurational disorder
of the H atoms of the framework water molecules. The crystal-
field splittings in the large cage are substantial, about 6 cm-1

for the n ) 2, l ) 2 levels of p-H2, and ∼9 cm-1 for n ) 3, l
) 3. They are much larger than the T-R level splittings of less
than 1 cm-1 found in our quantum 5D calculations of H2@C60,38,39

which are induced by the icosahedral Ih environment of the
fullerene cage.

The frequencies of the translational fundamentals of H2, HD,
and D2 inside the large cage are much lower (by a factor of
4.5-6 for H2 and 6.5-8.7 for D2) than those in the small cage
calculated by us recently.21 This is primarily due to the fact
that the diameter of the large cage is almost twice that of the
small cage, giving the guest molecule significantly more room
to move.

The angular anisotropy of the H2-cage interaction potential
removes completely the 2j + 1 degeneracy of the j ) 1 and
2 rotational levels of the hydrogen molecule confined inside
the large cage. The patterns and magnitudes of the splittings
of the j ) 1 and 2 multiplets in the large cage, as well as the
energies of the sublevels, are nearly identical with those
computed for the small cage.21 This would lead one to expect
that the S0(0) ( j ) 0f2) bands for the large and small cages
should have very similar shapes and frequencies. Indeed, the
S0(0) bands in the rotational Raman spectra measured for
simple H2 hydrate and THF + H2 hydrate are strikingly
similar in their frequencies, widths, shapes, and internal
structure, when the H2 occupancy of the large cage of simple
H2 hydrate is low.27 Both rotational bands have three
distinguishable peaks; the two outer peaks can be attributed
to the two closely spaced pairs of states lying below and
above the central component, respectively, of the j ) 2
quintuplet calculated for both the small and large cages,
which have not been resolved in the Raman spectra.

We are currently working on several theoretical approaches
for calculating accurately the excited T-R energy levels when
the large cage is occupied by multiple H2 molecules. One of
the challenges that these methodological developments will
tackle is understanding quantitatively the origin of the observed
substantial broadening of the S0(0) band for simple H2 hydrate
with the increasing H2 occupancy of the large cage. The
calculations presented in this paper constitute the requisite first
step in this direction.
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